In this paper we prove that any T 1 subspace of a continuous dcpo with the relative Scott topology can be "modeled" by a continuous poset. Using this result we are able to show that any T 1 topological space (X, τ ) is homeomorphic to the space of maximal elements of a continuous poset. We also find a bitopological characterization of a topological space (X, τ ) that can be modeled by a continuous poset. It is proved that for any T 1 topological space (X, τ ) there is a T 1 topology τ * on X such that (X, τ , τ * ) is pairwise completely regular.
Introduction
The maximal point space problem is one of the most central problems in domain theoretic studies of topological spaces. This problem requires the characterization of those T 1 topological spaces which are homeomorphic to the space of maximal elements of a continuous directed complete partially ordered set (continuous dcpo). There are many results which give necessary or sufficient conditions for topological spaces to be realized as the space of maximal elements of a continuous dcpo. The most crucial necessary condition is the Choquet completeness which implies the Baire property [14] . The sufficient conditions of course require stronger completeness properties such asČech-completeness, Moore-completeness and Amsterdam properties [4, 6] . This problem is also well investigated for special classes of topological spaces, e.g. metric spaces, quasi-metric spaces and Moore spaces [7, 2, 6] and for some classes of topological spaces the characterization has a complete answer [11, 6] . However, the general characterization is open. Recently, in a series of interesting papers, Bennett and Lutzer [3] [4] [5] investigate this problem and find substantial classes of topological spaces which have complete models.
In this paper we modify this problem by dropping the dcpo condition and investigating the characterization of those topological spaces which have continuous models, i.e. they are homeomorphic to the space of maximal elements of a continuous partially ordered set. This question can be found in Waszkiewicz [15] . In fact, here we prove that any T 1 space has a continuous model. The main method of the proof is a generalization and modification of a very useful and crucial machinery developed in [3] and [4] by Lutzer and Bennett. This method is originally defined to build new continuous dcpo's from given ones. However, it is quite flexible to be implemented to produce new continuous posets with desired properties.
In [10] 
Subspaces of continuous posets

Domain theory
Basic definitions and prerequisites of domain theory are given in this subsection. More details can be found in [1] .
Let (P , ) be a poset. For any p ∈ P , set ↑ p = {x ∈ P : p x} and ↓ p = {x ∈ P : x p}. A subset A of P is called an upper set (respectively a lower set) if for any a ∈ A, ↑ a ⊆ A (respectively ↓ a ⊆ A). For any subset E of P we denote its supremum in P (if it exists) by E. A nonempty subset E of P is directed if for any d, e ∈ E there is an element u ∈ E such that d, e u. (P , ) is directed complete (dcpo) if any directed subset E of P has a supremum. For x, y ∈ P we say that x approximates y if for any directed subset E of P with supremum, y E implies that there is an element e ∈ E with x e. In this situation we write x y. We also say that x is way-below y. For any p ∈ P , set ⇓ p = {x ∈ P : x p} and ⇑ p = {x ∈ P : p x}. For any subset X of P , let
p} is a directed set that has a supremum and
continuous if it has a base. It is algebraic if it has a base of compact elements. A domain is a continuous dcpo. A Scott domain is a domain that every bounded nonempty subset of it has a supremum. In any continuous poset the way-below relation satisfies the following properties:
The third property is called the interpolation property. Below we define the Scott topology for a poset (P , ). In the following we discuss the ideal-completion of a poset (P , ) with an additional relation ≺ which satisfies the properties wb 1 − wb 3 . Definition 2.1. A binary relation ≺ is called an auxiliary relation on a poset (P , ) if it satisfies the properties wb 1 − wb 3 , i.e.
(wb
The wb 3 is called the interpolation property. A round ideal in a poset with auxiliary relation ≺ is a directed lower subset I of P , such that p ∈ I implies that there is q ∈ I with p ≺ q. The round ideal-completion I(P , , ≺) (or simply I(P )) is the set of round ideals in P partially ordered by ⊆. Define ↑ ↑ p = {x ∈ P : p ≺ x} and respectively ↓ ↓ p = {x ∈ P : x ≺ p}. An auxiliary relation ≺ is approximating if ↓ ↓ p ⊆ ↓ ↓ q implies p q. Note that the way-below relation in any continuous poset (P , ) is an approximating auxiliary relation. The topology that is generated by the set {↑ ↑ p: p ∈ P } is called pseudo-Scott topology and is denoted by Pσ . The following fact shows that any approximating auxiliary relation on a poset P can be realized as a way-below relation in its ideal-completion.
A central problem in domain theory is the maximal point space problem. This problem asks exactly which T 1 spaces can be exhibited as a set of maximal points of a continuous dcpo with the subspace topology. A continuous model (respectively complete model) for a topological space (X, τ ) is a continuous poset (respectively continuous dcpo) (P , ) and a homeomorphism i : X → max(P ) where max(P ) carries the subspace topology inherited from the Scott topology on P . 
(A nonempty subcollection of nonempty sets in τ is a τ -filter if it is closed under finite intersection and taking supersets.
(and only if) one of the following holds:
•
It is easy to see that defines a partial order on D. Note that for q 1 ∈ D 1 and q 2 ∈ D 0 , q 1 q 2 never occurs.
Step 1. (D, ) is a dcpo. Let E ⊆ D be a directed set that contains no maximal element of itself. Consider two cases:
In this case any q ∈ E is of the form q = (U q , n q ), where U q is a nonempty τ -open set and n q ∈ N. Let E 1 = {U q : q ∈ E} and E 2 = {n q : q ∈ E}. Since E is directed and has no maximal element, E 1 has the finite intersection
property and E 2 is infinite. Let F be the τ -filter generated by E 1 . Since U q ∈ F for any q ∈ E, F is an upper bound of E. Let G be an arbitrary upper bound of E.
To show that R(E) = E, it is sufficient to prove that R(E) is an upper bound of E. Let q be an arbitrary element in E. Since E is directed, for any q 1 ∈ E ∩ D 1 there is a q 2 ∈ E such that q, q 1 q 2 . Obviously, q 2 is in D 1 too. Thus2 R(E) and R(E) is an upper bound of E.
Step 2. For any q 0 ∈ D 0 , q 0 q 0 . We must show that for any directed subset E of D with supremum, q 0 E implies that there is an e ∈ E such that q 0 e. If E contains a maximal element of itself, it suffices to choose e equal to that maximal (maximum) element. Otherwise, consider two cases:
Since E has no maximal element, E 2 is infinite. Thus there exists (U 2 , n 2 ) ∈ E such that n 2 > n 0 . Choose e = (U 3 , n 3 
there is a τ -filter R 0 ∈ E such that U 0 ∈ R 0 . Put e = R 0 . Then q 0 = (U 0 , n 0 ) e = R 0 ∈ E as required.
Step 3. We show that q 1 q 2 does not occur for any q 1 , q 2 ∈ D 1 . Fix q 2 ∈ D 1 and let E = {(U , n): U ∈ q 2 , n 1}. Since
is greater that both (U 1 , n 1 ) and (U 2 , n 2 ), showing that E is directed. Clearly the supremum of E is q 2 . Now consider any q 1 ∈ D 1 . Because no element of E is greater than q 1 , the assertion q 1 q 2 must be false.
Step 
Step 5. The function f : • (y, m) = (z, n);
• y z and m < n;
• y z and m = n = ∞.
Note that whenever (y, ∞) (z, n) then n = ∞. It can be easily verified that (P , ) is a partially ordered set. The proof of the theorem is divided into several steps.
Step 1. Let E be a directed subset of P . We show that if E has a supremum in P , then
and π i is the projection on the ith coordinate, i = 1, 2. This is trivial if E has a maximal (and consequently a maximum) element. Otherwise,
Since z is an upper bound of E 1 and n is an upper bound of E 2 ,
Step 2 Step 3. For any element (y * , ∞) ∈ P 1 we have (y * , ∞) = (P 0 ∩ ⇓(y * , ∞)). Let (y * , ∞) be an arbitrary element of P 1 . We show that
is a directed subset of P 0 with E * = (y * , ∞). Since D is a continuous dcpo, ⇓ y * is nonempty and y * = ⇓ y * . Thus E * is nonempty. For any (y 1 , m 1 ), (y 2 , m 2 ) ∈ E * , by the interpolation property there exists r ∈ D such that y 1 , y 2 r y * .
Step
Step 3, (y 2 , ∞) is the supremum of some directed subset of P 0 . This implies that for some (y, m) ∈ P 0 , (y 1 , ∞) (y, ∞) which is impossible.
Step 5. (P , ) is an (algebraic) continuous poset, for P 0 is a base for P by Steps 2 and 3.
Step 6. max(P ) = X × {∞}. Let (y, m) be an arbitrary element in P . If (y, m)
Hence X × {∞} = max(P ).
Step 7. X is homomorphic to max(P ).
This shows that f is continuous. Conversely, for any y ∈ D with X ∩ ⇑ y = ∅, f (X ∩ ⇑ y) = max(P ) ∩ ⇑(y, m) for some arbitrary m ∈ N. This shows that f is an embedding that induces a homeomorphism between X and max(P ). It is known that every subspace of a completely regular space is also completely regular. The following lemma is aset and (X, τ , τ * ) is pairwise regular, there is a τ * -closed set C and τ -open set U such that A ⊆ U ⊆ C and x / ∈ C . Therefore, A ⊆ int τ C and C ∈ ↓ ↓ A. Hence by the assumption C ∈ ↓ ↓ B. This implies that B ⊇ int τ C . Therefore x / ∈ B, which is a contradiction.
Now we prove that the function φ : (X, τ ) → max(P ), φ(x) = {x} is a homeomorphism. Let {x} ∈ ↓ ↓ B for some B ∈ P . Then B ≺ {x}. So x ∈ int τ U B = int τ B. Now let x ∈ U , where U ∈ τ . Since (X, τ , τ * ) is pairwise regular, there are V ∈ τ and τ * - 
